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X X ¥ I I .  On the Size of Conductors for the _Distribution of 
Electric Energy. By THOMAS GRAY, B.Sc., .F.R.S.E.* 

T HE principal questions which have to be considered in 
the determination of the proper size of conductors for 

the distribution of electric energy are : - -  
(1) Economy t, or the amount of metal which must be put 

into the conductor in order that the sum of the annual cost 
for interest on capital, for depreciation, and for energy lost in 
consequence of heat generated in the conductor by the 
current may be a minimum. 

(2) Safety, or the amount of metal necessary to prevent 
excessive heating. 

(3) Regulation, or the amount of metal required to prevent 
too great a variation of potential along the leads. 

In the consideration of the question of economy, let I be 
the fraction of the original cost of the conductors to be 
allowed annually for interest and depreciation combined, let P 
be the price per unit volume of the conductor, A its sectional 
area, and 1 its length. Then the cost per annum of possess- 
ing the conductor is 

IPA/. 

Again, if E be taken as the cost of one erg of electric 
energy, c the current flowing in the conductor at any time t, 
and S the specific resistance of the materialy the energy lost 
in heat will cost per annum 

1 Tc~dt ' 

where T is the number of seconds in a year. In most eases c 
will be a complicated and somewhat uncertain function of t, in 
consequence of which it may only be possible to form a rough 
estimate of ~he value of the integral. :Let C be such a 
quantity that 

ES c'Zdt=EC~S x T ,  

and we get for the total annual expenditure due to the con- 
ductors the expression 

z T. I P A t +  EC~S ~ . . . . . .  

* Communicated by the Author. 
t This problem for the case of a constant current flowing during the 

same portion of each day, has already been treated by Sir William Thom- 
son~ in a paper communicated to the British Association at the York 
Meeting 1881~ and printed in ~Nature' for September 1881. 
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188 Mr. T. Gray on t]te Size of Conductors 

The expression (a) has a minimum value when 

A ,~ / ~ S ~ _  c = ~ ' ~ - I P  -- JEepS,  (1) 

where i is the fraction of the original cost to be allowed per 
second for interest and depreciation. 

Equation (1) shows that, from a purely economical point of 
view, the section of the conductor should be directly propor- 
tional to the quantity C, which, when the current is continuous 
and of constant value, is the current-strength in C.G.S. units, 
but which, when the current is variable, has such a value that 
the heat which would be generated by a continuous and con- 
stant current of that value is equal to the actual heat gene- 
rated. The section should also be directly proportional to the 
square root of the product of the cost of energy and the spe- 
cific resistance of the conductor, and inversely proportional to 
the square root of the product of the first cost and the rate 
of interest and depreciation to be allowed, while it is inde-  
pendent of the length of the circuit. 

Equation (1) gives in all cases an inferior limit below 
which it is not advisable to reduce the section of the con- 
ductor. It  should be noticed, however, that the investigation 
proceeds on the assumption that the whole of the energy wasted 
is due to the heat generated in the main conductor by the 
current. This assumption may be, in many cases, inadmis- 
sible, owing to the varying E.M.F. at which the electricity 
would be supplied; and in such cases the economy problem 
assumes different forms depending on the conditions imposed. 

-Practical Example. 

Let us suppose, for the sake of illustration~ that the cost of 
one erg~ or E, is, reckoned in pounds sterling~ 

1 
E ~ - - -  

10 9 T' 

that the conductors are of copper having a specific resistance 

S = 1700~ 

that the price of copper conductors manufactured is 

1 

1200 ~ 

and tha~ the rate of interest and depreciation is 

I - -  7"5 per cent. 
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for the Distribution of Electric Energy. 189 

Then we have 

A - - C  ~ / i - 7 0 0  × 1200 × T 
-- ~ 775x107xT 

C 

or, when C is reckoned in amperes, 

C 
A =  . . . . . . . . .  ( 2 )  

This gives 60 amperes per square centimetre of section as 
the proper relation between the current and the section of the 
conductor. I t  must be remembered, however, that this calcu- 
lation is based on the assumption of bare copper conductors 
and on a particular estimate of the cost of energy~ both of 
which may have to be greatly modified in particular cases. 

If, for example; covered cable costing, say; five times as 
much as bare copper be used; the proper ratio of the section 
of the conductor to the current would be 

A 1 1 
C -- 60~/5 = 134' " . . . .  (3) 

or for every 134 ampSres of current there should be one 
square centimetre of section in the copper conductor. 

Safety. 
We have next to consider whether the size of the conduc- 

tors given by the above considerations will be suifieient for 
safety. The answer to this question depends on the rise of 
temperature which will be produced by the greatest current 
which is to be sent through ~he conductor. (This grcates~ 
current must not be confounded with C in equation (1); as the 
strength of the current lnay occasionally greatly exceed that 
which it is proper to use according to that equation.) I t  
is easy to calculate to a considerable degree of approximation 
the rise of temperature which will be produced in a con- 
ductor by an electric curren~ when we know the specific 
resistance of the material~ the emissivity of the surface; and, 
in the case of covered wire; the thermal conductivity of the 
covering. 

I f  we assume the rate of cooling for any conductor per unit 
length per unit difference of temperature to be r; we have for 
the total rise of temperature t the equation 

- ~  c2S 
c 2 =tr,  or t---- rA--C~Sa ~ . . (4) 
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190 Mr. T. Gray on the Size of Conductors 

where a is the coefficient of change of specific resistance with 
temperature. That is to say, for any conductor the rise of 
temperature depends directly on the square of the current and 
on the specific resistance of the material, and, if we neglect 
the variation of specific resistance with temperature, inversely 
on the rate of cooling and the section of the conductor. 

If  we assume 50 ° C. as the maximum rise of temperature, 
we have for ~he section of the conductor, 

A= 9-S(1 + 50a). 
50~ 

For bare copper rod we may take q" as being very nearly 
J 

5000 multiplied by the number of units of radiating surface 

in the unit length, or 
~'dJ 

r ' - - - -  
5000' 

where d is the diameter of the rod, and J Joule's mechanical 
equivalent of heat, which is, approximately, 4"2 x 107 in C.G.S. 
units. Hence, by substitution, 

r =  3"14 x50004"2 x 10!d=2.64 x 10~d. (5) 

Now, as S is 1700 and a nearly "0039, we have 

2030 ]'54 c: 
A ~ c  2 

13"2 x 10~d - - ~ -  × d-" 
It must be remembered that e is here taken in C.G.S. 

; and hence, putting for A ~-~, and taking c in amperes un i t s  
and reducing, we get 

lOS d~. e =  . . . . . . .  ( O  

Now the value of C found from equation (2) is for bare copper 
60 amperes per square centimetre. Let us assume that the 
maximum value of e will be 100 amperes per square centi- 
metre, and we have to find for what value of d or c we have 

7rd 2 e 
A= 4 -- 100 . . . . . .  (7) 

From (6) and (7) we get at once 

d~ - 4 x  103 
~rX 4 ~ - '  

o r  

d - -  8"5. 
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for the Distribution of  Electric E~erg~j. 191 

From this we see that the conductor will only rise 50 ° C. 
in temperature when the current is of such strength as to 
require a conductor eight and a half centimetres in diameter. 
The question of safety, then, may, at least in the ease of un- 
covered copper rod, be left out of consideration when the cur- 
rent is less than 5000 amperes. 

Next take the case of a conductor covered with a substance 
whose thermal conductivity is k. In this case r depends both 
on the rate of cooling from the surface, or the emissivity~ and 
on the conductivity k. 

Let e = emissivity of the surface, 
T-- difference of temperature between the two surfaces 

of the covering, 
T/= the difference of temperature between the external 

surface of the covering and the surrounding atmo- 
sphere~ 

r,---- the external diameter of the covering, 
~/= the quantity of heat conducted through the cover- 

ing per unit of time. 
Then, since for constant temperature we must have the 

quantity conducted through the covering equal to the quantity 
radiated from the surfae% we have 

27rr2eTl=q . . . . . . . .  (8) 
But 

q = --  2~rkx dt 
d~' . . . . . .  (9) 

where w is any radius, l=[ence 
7 ,  

2~rr~eT t = - -  27rkx ~x '  

o r  (lO) 

But the total difference of temperature between the two 
sides of the covering is 

- -  . ~  dx  

,w e ~'"~ dx  

e ! T 2 
= ?c T r:  log~ - ( 1 1 )  

Now, by the conditions of the question, 

T + T / - -50 ;  
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192 Mr. T. Gray on the Size of Conductors 

that is to say, 
f ,  

e l o g e ~  ____50 . . . . .  (12) T / 1 + ~ r2 r l )  

Assuming~ what are probably not far from the true values for 
gutta percha~ e and k to be ~-~o~ and ~odtoo respectively~ we 
get 

50 
TI=  . . . . . .  (13) 

1 + ½ r~ log~ r~ 1 

Again, since the amount of heat generated by the current 
must be equal to the quantity radiated from the surface of the 
covering, 

e~S(1 + 50a) 2~rr2 
A J  -- 4000 6; 

by equation (13), 
27rr~ 50 

= 4-O-O-G X 
~2 1 + ½r2 log~ 

Tako~ for example, r l = l  and r2-----1"4. Then 

2030 vr x 1"4 c2 
7r x 4"2 x 10 ~ -- 40 t 1 + 1"15 x 1"4 log 1"4} ; 

~ V / i  1"4 x 4"2 x 107 
.'. c=Tr 0 x 2030 t 1 +  1"15 x 1"4 l°g 1"4} 

-=Tr x 22"3. 

That is to say, a rod 1 centimetre in radius and covered with 
gutta percha to a thickness of 4 millimetres requires a current 
223 amperes per square centimetre to raise its temperature 
50 ° C. 

I f  we suppose r l =  1 and r~=5,  we find c=Tr x 21, or a cur- 
rent of 210 amperes would heat the conductor 50 ° C. In- 
creased thickness, therefore, in the covering does not greatly 
alter the capacity of the conductor. 

Regulation. 

I t  is of great importance, especially in electric-lighting cir- 
cuits, that the E.M.F. at which the electricity is supplied 
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for the Distribution of Electric Energy. 193 

should be nearly constant. Various means may be resorted 
to for the purpose of securing this ; but we do not propose to 
go further into the matter at present than to investigate what 
the maximum difference of E.M.F. will be between different 
parts of the systems when the conductors are of the size which 
we should be inclined, from economical considerations, to adopt. 

Let the E . ~ . F .  between the conductors at any point P of 
the system (say at the poles of the generator) be kept at the 
constant value e volts. Then, if the current in amperes per 
square centimetre section of the conductor be e, we have 

C = 10 9 S' 

where x is the E.M.F.  in volts per unit length along the con- 
ductor. Now x is half the variation of E.IK.F. per unit length 
along the system; and hence, if v be this variation, 

. . . . . . .  (15) 

Let us assume, as before, that the maximum value of c is 
100, and we get 

2 x 100 x 1700 34 
v =  109 -- 10-- ~ . . . .  (16) 

I f  we assume, that the greatest, percentage variation of E ..M . F . 
albwabte ~s lo, we get for the distance d of the furthest point of 
the system from the point P, 

1000 
d-- --g~ep 

- -  30e10. (17) 

When 10- 5, which produces a very inconvenient variation 
in the illuminating-power of the incandescent lamps at present 
made, we get with 

e =  50, d =  75 metres, 
e =  100, d =  150 - 

e=200,  d=300  - 
and so on. 

_Phil. Mag. S. 5. Vol. 16. No. 99. Sept. 1883. Q 
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